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capitoly|
Identitati remarcabile
intr-un triunghi

,,Fiecare om are un orizont. Cénd acest
orizont se ingusteaza foarte mult, el devine
un punct, iar omul exclamd: Iatd punctul
meu de vedere.”

David Hilbert
§ 1.1. Identititi remarcabile cu laturi si raze

D.(p—a)(a+b)(a+c)=p(p’+5 +8Rr).
>a=2(p*-r’—4Rr). Y.a*=2p(p* -3r* -6Rr).
Za4=2[p4—pz(SRr+6r2)+r2(4R+r)2].

Y b’ = p*+p* (2" =8Rr)+ 1 (4R +7)".

Y.a*(p-a) =2[(4R+r) = p? |.

Za(b+c)2 _p- 3 (b+c)” _p-3

be(p- a)_ r b’c*(p—a) 4Rrp

Z 2(b+ )(p b)(p—c)= 4p2Rr(p2—3r2).

st s

Za (b+c)(p b)(p—c)=2pr[p2(2R—r)—r2(4R+r)].

z‘;((l;tczz) =%[p2(2R+r)+r2(4R+r)]

Za(b+c)2(p—b)(p—c):er[p2(2R+r)+r2(4R+r):|.
a’(b+c)

_—2— 3 =F —I"z +r) |
Plpma) Lt R k)]
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8 PUNCTE REMARCABILE IN TRIUNGHI. DISTANTE. INEGALITATI

Za(p_b)(p_c) zr[p2(2R+r)+r2(4R+r):l.

(a+b)2(a+c)2 2p(p2 +r? +2Rr)2
p-a_ p +5r +8Rr Zp—aﬁp2+r2—8Rr
b+c 2(p2+r2+2Rr). a 4Rr '

Z:bc(b2 +cz)=2p4 —8p’Rr — 27 (4R+r)2 .
Zbc(b3+c3):2p’:p4—p2(2r2+4Rr)—r2(8R2+14Rr+3r2):|.

b +c®  2p*(2R+3r)-2r(4R+r)
2z b3 i P '
207 +¢*)(p=b)(p-c)=2p* (2Rr +31*) - 27> (4R +7)".
S(b+c)(p-b) (p-c) =2~ p[(4R+r)2(zR+r)-p2(6R+r)].
Z(b+C)(( ))( ) ;2;[(4R+r)2(2R+r)—p2(6R+r):].
Zbc(b+c)(p—b)(p—c)=2r2p[p2+(4R+r)(2R+r)].

b+c _ p'+(4R+7)(2R+7)

Za(p—a)_ 2Rrp .
Za(b+c)(p—b)2(p—c)2:2r2p2(8R2+4Rr—r2—p2).

(b+c)(p=b)(p—c) 8R*+4Rr—r* - p?
Z bc(p—a) - 2Rr -

Z(b+c)2 _p+r* +10Rr

Za(a+b)(a+c)=4p(p2 - —Rr).

bc 2Rr
Zaz(a+b)(a+c)=4p2( 2—3;‘2—4Rr).
Z a p* =3r —4Rr
be(b+c) 2Rr(p +r +2Rr)
Z a __2(P —-r —R’”) zb+c_p2+r2—2Rr
b+c P +r+2Rr e 2Ry ;

Z[ A jz 2[p4—p2(4Rr+6r2)+r2(6R2+4Rr+r2)]
btc) (p2+r2+2Rr)2 :
2" (a+b) (a+c)’ =8p? | p* ~ p? (4Rr +6°) +1* (6R® +4Rr +17) .
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Ya(t*+c* ~a*)(p=b)(p—c)=8"p[ P’ —R(4R+r)].
S @ P =6p’(r" +Rr)+r" (8R* +6Rr+r*)

be(b+c) 2Rrp(p2 +r* + 2Rr) J
Za3(a+b)(a+c)=4p[]74—6p2(r2+Rr)+r2(8R2+6Rr+r2):|.
> a(p-a)=2r(4R+r). > o (p—a)=dmp(R+7).
>’ (p-a)=2] p* (2R+3r)-r(4R+7) |.

.2a'(p—a)=4rp| p* (R+2r)~r(12R" +11Rr+27*)].

> a’(p—a)=p° - p*(8Rr+23r*)+ p* (80R*r* + 60Rr* +37r*) 1" (4R +7) .

Y a(b+c)=2(p* +r* +4Rr). Y. (b+c)=2p(p*+r’-2Rr).

Y@ (b+c)=2] p* ~4p'Rr—r* (4R +1)’ ]|

Za4(b+c):zp[p“—p2(6Rr+2r2)—r2(8R2+14Rr+3r2)].

Y.a (b+c)=3p° - p*(28Rr +43r* )+ p* (160R’r* +120Rr* +17r*) - 1* (4R +7) .
(b+c) p(p*+r*-6Rr)

Z 2 — a2 : Zbc(b‘kc)2 =4p° (p2 +7° —6Rr).
z(b+c)3 Z[p4 +p’ (rz —9Rr)+Rr(r2 +4Rr)]
= R .
3 3 4 2%l =5 r 2
Zbc(b+c) -8p|:p +p (r —9Rr)+Rr(r +4Rr)].
(b+c)2 _p*+r’+10Rr Z(b+c)3 _ p*+20p*Rr —r* (4R+r)2
z be 2Rr ) bc 2Rrp '

Z:a(b+c)3 =2[p4 +20p°Rr —1* (4R+r)2]
Z(b+c)2 =2(3p2 —r? —4Rr).
Z:(b+c)2 (p-—b)(p—c)=2(3p2 -7 —4Rr).

p2c? 3 pt+p (2r2 —12Rr)+r3 (4R +7)
25 ba) ; |
szc2 (p—a)=p[p4 +p (2r2 —12Rr)+r3(4R+r)] ;
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4 _2(4R+r) a’ _4(R+r)
Z(p—b)(p—c)_ rp : Z(p—b)(p—c)‘ Fh.
2 2[p2(2R+3r)—r(4R+r)2]
2D - |
a* 4[p2(R+2r)—r(12R2+11Rr+2r2)]
29 ; -
a p°-p (8R7’+23”2)+Pz (80R2r2 +60Rr? +37r4)—r3 (4R+r)3
D o -
% i =2(2§—") Z(p—b)(p—C)ZQ[(MHTHJ‘
(p-b) (p-c) r'p a 4R p
Zb2+cz—a2 _5p°—(4R+r)’ Zb2+c2—a2 2(R+7)
b+c—a p be R
Z_I__L Zb2+c2 _ P +r’=2Rr
bc 2Rr bc 2Rr
Z(b+c)2 _4p(R+2r) Z(b+c)2 PPt 4108
ot r bc 2Rr
Zb2+c2—a2 _p4—8p2Rr—r2(4R+r)2
a 2Rrp

Zb2+c2 ~-a _5p2—r2(4R+r)2

a p
(p=b)(p=c) _P*(8Rr=3r")+ (4R +r)’
Z b+c ] 2p(pz+r2+2Rr)
zb+c=4(1+£j p-a_ p’+5r +8Rr
P r) btc 2(p*+r7 +2Rr)’

Z_licoszézp(pz+5r2+8Rr)
b+c 2 2(p2+r2+2Rr) '

1 p*+r°+4R
Zbc(b+c):2p(p2+r2_2Rr). Z;:pz;‘R\rpr'

Zcf (p—a)2 =27’ [(4R+r)2 —pZ:I.

3 b Brpt o ~8Rr)+r* (4R +r)

a’ 16R*F? p?
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2 2
b s L el B 1 . S5p°+r°+4Rr :
Z( +c) (p 2 r) Zb+c 2p(p2+r2+2Rr)

be B p4 +p2 (16Rr+2r2)+r2 (4R+r)2

Zb"‘c 2p(p2+r2+2Rr)
Za(b+c)=@ > 1 _4R+r
P4 £ p-a 1p
> p _2(2R-r) b3 1 _p2+(4R+r)2
AN p-a) 4
s __a__2Ren 5 0=b)o=e) _(s74r) 27
(p—b)(p—b)_ s p-a = p :
Z(P_b)(P—c)_ZR—r Z(p-a)2_p(p2+r2—12Rr)
be 2R a 4Rr
p—a 4R+r
bc  2Rp
p-a p4+p2(2r2—12Rr)+r3(4R+r)
z Bt - 16R*r*p )
Za(p—a):Zr(4R+r). Za(p—a)Z:er(2R—r).
a 2=4R(4Rtr)—2p2_ ZMM=4R(4R+;~)—2P2,
(p-a) r'p p-a
2 2
(p_la)2=(4R+r’;)pz = : Zaz(P-—a)2=2r2|:(4R+r)2—p2:|.

p—a_ p +5r" +8Rr z2p—a_15p2—-r2—10Rr
b+c 2(p2+r2+2Rr)' 2p+a  9p*+r*+6Rr
Y (2p—a)(2p+b)(2p+c)=2p(15p* ~1* ~10Rr).

—a_4p’—r’—16Rr
2p+a)=2p(9p> +r* +6Rr). E-d sk .
[1(2p+a)=2p(9p" +r r) pta A4p +r’+8Rr

Z(p—a)2 =p2—2r2—8Rr.

Zp—a_p2+r2 —8Rr

a 4Rr

it} "= 20— = p—a =p2—2r2-—8Rr.
&l Z(p—b)(p—c) r’p
X (p-a) =R+, 5 _dplR=r)

p—a r

11
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Zcf (p—a)=2r[p2 (2R+3r)—r(4R+r)2:|.
@ _2p’(2R-3r)+2r* (4R +r)
zp—a_ r ;

Z(p—a)4 =p* —16p*Rr + 27> (4R+r)2.

1 p'+p (27 —4Rr)+r(4R+r)
Zaz(p—a)_ 16R2r2p3 :
. porT 1 _p2(r—8R)+(4R+r)3
Za (p—b)(p—c)—4rp (R—r). za(p—a)z = IR i
a(b+c)__iR_ a(b+c) =12R
Z a r Z(p—b)(p—c) s

p—
Za(b+c)(p—b)(p—c):4Rrp2. Z(b+c)(p—b)(p—c)=4rp(R+r).
(p—b)(p—c)= 2r(R+r) .

(a+b)(a+c) p*+r*+2Rr

Zaz(a+b)(a+c)=4p2(p2—3r2—4Rr).

b . pp2+r2—6Rr
Zbc(b+c)2:4p2(p2—3r2_4R,,)_ z( -;c) o ( = )

™M

Z a _ p>=3r' —4Rr
be(b+c) 2Rr(p*+r*+2Rr)’

Z:bzc2 (p-a)= p[p4 +p° (2}’2 —12Rr)+r3 (4R+r)] .

Za(p—a)3 =2r[2Rp2 —-r(4R+r)2]

Z(p_a)zzl——r—. z(p—a)3=2Rp2-r(4R+r)2.
bc 2R bc 2Rp
Zaz(p—b)z(p—c)2:2r p2(8R2+r2—p2).
2 3_ 49 2 2 1 _p2—2r2—8Rr
Za (p—a) =4r p(4R —3Rr—vr ) Z(p—b)z(p—c)z e
1 _p*+r’=12Rr a’ _2(8R2+”2—P2)
P A TR e A

Z:(p—a)z (4R+r)2 —p2
b*c? 8R2p2
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> a*(p=b)(p=c) —2rp[p2 (2R- 3r)+r2(4R+r):|
sz (p=-b)(p-c)=r [p (p +2r° -—4Rr)+r(4R+r):|

bc
23

(PP +2r7 —4Rr)+7(4R+ 1)

a(p-a) 4p°Rr
T Zp”f;””(‘;’“")z
Y (p-b)(p-c)=r(4R+r). Z(p_bl;p_c) _r +r:2—8Rr |
25l bl)( . 2415:;2- Zm—_?f%.
Y be(p—a)=p(p* +r* ~8Rr). z(;—_baﬁz“(”‘?)

Y a(b+c)(p-a)=12Rmp.
;8 1 _ p*+p*(2r* —12Rr)+r* (4R +7) |
@ (p-b)(p-c) 16" R
>(p-b) (p=c) =r*[(4R+7) =277 .
> a(p-b) (p-c)’ =2r*p(8R* +2Rr - p*).
a 2R+3r)—r(4R+r
I
Ybe(p-b)(p—c)=r*[ P +(4R+1) |.

2 . .2 e 2 1 =2R_r
Y be(p-a) =p*(p* +r* —12Rr). Zbc(p—a) o

Z(P—a)2=2R—r Zp a_4R+r

bc 2R e 2Rp ;

Z(l’ b)( ) p (r—8R)+(4R+r) _

- ARp?
4R+r 1 1 p2+r2—2Rr
Z . Za —4—|= .
h*te 2Rr

Z =2 [2Rp2 +r(r2 —2Rr—24R? )]
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(p=a)’ - 2Rp*+r(r* —2Rr-24R)
L = :
Za“(p—a)=4S[p2(R+2r)—r(2r2+11Rr+12R2)].

a'(p—a) _p’(R+2r)-r(2r +11Rr +12R)
z be R ;

e 3 2 N 2
Za(p_a)3=4P2R”—2r2(4R+r)2, Z(Pb a) _2p’R 2r1£4R+r) -
r P

(b+e)(p=a) _ e R
e L TaRS
p—a P +p (8Rr—9r*)+ pir (112R2+116Rr+19r2)—3r3(4R+r)3
be(b” +c* —8R7’P p’+p*(rP ~12Rr +p’r? (40R> +8Rr —r* )= (4R +7) |
(4R+7)
Za(p—a)(a2+b2)(a2+c2)=

=p°+p" (8Rr=9r" )+ p’r (112R> +116Rr +19+%) -3/ (4R + 7).

Za2 (2b2 +2c —a2)=2[p4 +p° (1Or2 —8Rr)+r2 (4R+r)2:| :
1_[(2b2 +2¢* —c12)=4[p6 +pt-p’ (6OR2;’2 +120R7’ +33r4)——r3 (4R+r)3:l :

Za3 (a+b)2 (a+c)2 =8p’ [p4 -p? (6Rr+10r2)+r2 (ZOR2 +18Rr+5r2)].

2

a 2p[p4—p2(6Rr+10r2)+r2(20R2+18Rr+5r2)]

(b‘i'C)2 (p2 +7’ +2Rr)2
Z(p_b)(p_c) P+ P (2F7 —4Rr)+r(4R+r)
a’ 16R p’ :

I—[(b+c)=2p(p2 +7? +2Rr).
Zbc(a+b)(a+c) =p*+p’ (16Rr+2r:)+r2 (4R+r)2 '

1 .
za(b+c) -

Z:(b+c)2(a+b)(a+c)=8p2 (p2 +7? +2Rr).

= b(p ()+c(p—c)=p2(r—2R)+(4R+r)3!

alp a) 2p°R
Zbc(p—b)(p—c)[b(p—b)+c J 2r[ (r- 2R)+ (4R+r)3:|.

pt+p? (16Rr + 277 ) +r° (4R ~l-r)2
8Rrp2 (p2 +r7+ 2Rr)




